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< Ž . <A sharp lower bound is obtained for f 9 z in the class SSP of functions starlike
with respect to symmetric points. As a consequence, some results are improved
both for SSP and the class of uniformly starlike functions. Q 2000 Academic Press
1. INTRODUCTION
Ž . ‘ kLet S be the class of functions f z s z q Ý a z , analytic andks2 k
w xunivalent in the unit disk D. Sakaguchi 7 introduced and studied its
subclass
zf 9 zŽ .
SSP s f g S : R ) 0, z g D ,½ 5f z y f yzŽ . Ž .
whose elements are said to be starlike with respect to symmetric points. It
is well known that CV ; SSP ; CC, where CV, CC are the classes of
w xconvex and close-to-convex functions, respectively. In 1 the following
distortion theorem is proved.
THEOREM A. If f g SSP, then we ha¤e
1 y r 1
< <F f 9 z F , 1Ž . Ž .221 q r 1 q rŽ . Ž . 1 y rŽ .
1 q r r
< < < <log F f z F , z s r - 1. 2Ž . Ž .
2' 1 y r1 q r
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Here the upper estimates are sharp and, in fact, coincide with those for
the class CV.
2'Ž . wŽ . xHowever, the function f z s log 1 q z r 1 q z presented as an0
w xexample in 1 does not belong to SSP, and the lower estimates are not
sharp. Indeed for z s eiw, 0 - w - pr2, we have
Xzf z p tan wr2Ž . Ž .0
R s y - 0.2f z y f yz < <Ž . Ž . 2 cos w log i cot wr2Ž .0 0
Ž .In what follows we replace the lower bound in 1 by the sharp one. As
Ž .for its counterpart in 2 , we shall only improve it to become precise for
'< <0 F z F 2 y 3 s 0.26 . . . . This result alongside an example yields both
a lower and an upper bound for the Koebe constant in SSP which are
rather close to each other.
Observe that our estimates prove to be better than the existing ones
even for a narrower class UST of uniformly starlike functions introduced
w xby Goodman in 3 as
z y z f 9 zŽ . Ž .
UST s f g S : R ) 0, z , z g D = D .Ž .½ 5f z y f zŽ . Ž .
2. MAIN RESULTS
THEOREM 1. If f g SSP, then
1 '< < < <f 9 z G , for 0 F z s r F 2 y 3 , 3Ž . Ž .21 q rŽ .
24 1 y rŽ . '< < < <f 9 z G , for 2 y 3 F z s r - 1, 4Ž . Ž .22'3 3 1 q rŽ .
where both estimates are sharp.
w xWe need the following result by Stankiewicz 8 .
LEMMA 1. A function f is in SSP if and only if
z p z q p yz y 2Ž . Ž .
f 9 z s p z exp q z , q z s dz , 5Ž . Ž . Ž . Ž . Ž .H 2z0
Ž . Ž .where p z s 1 q p z ??? is analytic in D and R p z ) 0, z g D.1
Proof of Theorem 1. Consider the following extremal problem: find the
< Ž . <minimum of f 9 z , where z g D is fixed and f g SSP. It is easy to show
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Ž w x.that the class SSP is compact cf., e.g., 5, Theorem 4.1 , so the problem
has a solution, say, f g SSP. Choosing a suitable g g R, we have0
eig 1 1 eig
R s G G R , f g SSP .X X< < < <f z f z f 9 z f 9 zŽ . Ž . Ž . Ž .0 0
w ig Ž .xThus, f g SSP also gives the maximum to the functional R e rf 9 z0
Ž w x.on SSP. We apply a variational method of Golusin see 2, pp. 504]506 .
To this end, we first use the Herglotz integral formula to deduce from
Lemma 1 the representations
eit q z2p 2p y2 i t 2p z s dm t , q z s y log 1 y e z dm t ,Ž . Ž . Ž . Ž . Ž .H Hi te y z0 0
6Ž .
Ž .m t being a probability measure on 0 F t - 2p .
Now, by applying the Golusin variation of the first type, we get
ig ig ig i te e e e zt2
R s R y 2 il RHX 2½ i tf# z f 9 z f 9 zŽ . Ž . Ž .t p z e y z1 Ž . Ž .
2z
2< <q m t yc dtqO l ,Ž . Ž .2 i t 2 5e y z
where y1 F l F 1, 0 F t - t F 2p , and c is a constant. Consequently,1 2
Ž .if f z is an extremal function and the equation
ig i t 2e e z z
R q s 0 7Ž .2 2 i t 2½ 5i tf 9 z e y zŽ . p z e y zŽ . Ž .
Ž .has no root on the interval t - t - t , then m t ’ c for t - t - t . Since1 2 1 2
Ž .7 can be reduced to an algebraic equation of the sixth degree with
i t Ž .respect to e , it follows that m t is a step function with at most six jumps.
Moreover, after considering the Golusin variation of the second type, we
Ž . Ž .conclude that there is a root of 7 between any two jumps of m t . Hence
Ž .the extremum is attained for m t which is a convex combination of at most
three point masses on 0 F t - 2p .
yi w Ž iw .We observe that for any f g SSP and w g R the rotation e f e z is
Ž .also in SSP ; therefore, it suffices to study the case when z s r g 0, 1 .
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Ž .From the above we can write assuming that f is an extremal function
3 3 i t j1 e q r
f 9 r s m , 8Ž . Ž .Ł Ým j i tj jy2 i t 2j e y rjs1 1 y e rŽ . js1
where 0 F t F 2p , m G 0, 1 F j F 3, Ý3 m s 1.j j js1 j
Ž i t j . Ž i t j .Since the point e q r r e y r lies on a circle whose center and
radius are readily found, we get
eit j q r 1 q r 2 q 2 reia j
s , a g R, 1 F j F 3. 9Ž .ji t 2je y r 1 y r
Ž 2 . < < ig j ia jLet x s 2 rr 1 q r , w s w e s 1 q xe , 1 F j F 3. A substitutionj j
Ž . Ž .of 9 into 8 after elementary transformations yields
2 3 31 q r m j< <f 9 r G cos g m Rw . 10Ž . Ž . Ž .Ł Ýj j j22 js11 y rŽ . js1
< <Let us draw from the origin two tangents to the circle w y 1 s x
dividing it into two arcs}the inner and the outer one. Note that for any g ,
2'< <g - arccos 1 y x , the ray arg w s g crosses each of these arcs at one
point. If, say, w lies on the outer arc, then by replacing it with the1
corresponding point wX , arg w s arg wX , on the inner arc, we shall leave1 1 1
all g unchanged, whereas it is clear that RwX F Rw and the last factorj 1 1
Ž .in the right-hand side of 10 decreases. Therefore, we may assume that all
< <points w , 1 F j F 3, lie on the inner arc, so that w s cos gj j j
2 2y cos g y 1 q x . Hence we have' j
2 3 31 q r
m 2 2j< <f 9 r G a m a a y a y 1 q x s F m , m .Ž . Ž .'Ł Ýj j j j j 1 2ž /22 js11 y rŽ . js1
11Ž .
2'where a s cos g , 1 y x F a F 1, 1 F j F 3, m s 1 y m y m .j j j 3 1 2
2Ž . 2If all a , 1 F j F 3, are distinct, then the second derivative › log F r›mj 1
Ž .is negative; hence F m , m attains its minimum over 0 F m F 1 at1 2 1
either of the endpoints m s 0, m s 1. The same reasoning is valid for1 1
the variable m . Thus, it remains to minimize the function2
2 2 2 2' 'Ž . Ž .G a s a a y a y 1 q x on the segment 1 y x F a F 1, which
can be done by a standard calculus routine.
1 'Ž .As a result, we conclude that for 0 F x F i.e., 0 F r F 2 y 3 the2
Ž . Ž . Ž . Ž .function G a decreases, so that G a G G 1 s 1 y x, and 11 implies
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1 'Ž . Ž .the estimate 3 . On the other hand, for x ) i.e., 2 y 3 - r - 1 the2
2' 'Ž . Ž .minimum of G a is attained at a s 2 1 y x r 3 and equals G a s0 0
2 3r2 'Ž . Ž .4 1 y x r3 3 . By elementary transformations we can verify 4 , too.
To prove the sharpness of the estimates we construct an appropriate
Ž . w Ž . Ž .xexample of a function from SSP. Set m t s d t q d t r2, wherea ya
Ž .d t is the point mass at t s a , 0 F a F p . Then from Lemma 1 and thea
Ž .relations 6 we obtain
1 y z 2
Xf z s . 12Ž . Ž .a 2 2 4'1 y 2 z cos a q z 1 y 2 z cos 2a q zŽ .
' Ž .If 0 F r F 2 y 3 , then the estimate 3 is attained by this function for
Ž 2 .a s 0, z s yr, otherwise we take cos a s 1 q r r4 r, z s yr.
w xBy applying a result of Privalov 4, Vol. 1, p. 67 , we deduce the following
COROLLARY 1. If f g SSP, then
r '< <f z G , for 0 F r F 2 y 3 , 13Ž . Ž .
1 q r
1 5 4 r '< <f z G y q , for 2 y 3 F r - 1. 14Ž . Ž .2' '2 6 3 3 3 1 q rŽ .
Ž .Here only the estimate 13 is sharp, whereas this cannot be said about
Ž . < Ž . < Ž . < <14 . Note that they both improve the inequality f z G rr 1 q 2 r , z s
w xr - 1, obtained in 3 for a narrower class UST of uniformly starlike
functions.
Ž .EXAMPLE. Integration of 12 yields
21 1 q 2 z cos a q z
f z s y 1 .Ž . (a 22 cos a 1 y 2 z cos a q z
This function belongs to SSP ; moreover,
r '< <f yr s , for 0 F r F 2 y 1, 15Ž . Ž .0 1 q r
and
'2 2 y 1 rŽ . '< <f yr s , for 2 y 1 F r - 1, 16Ž . Ž .a 21 q r
2 'Ž .if we take cos a s 1 q r r2 2 r.
I. R. NEZHMETDINOV134
< Ž . <Thus, the lower bound for f z in SSP cannot exceed the correspond-
Ž . Ž .ing expression in 15 or 16 . It seems that the example gives us the best
possible bound, but, unfortunately, the technique used to estimate the
derivative fails to work here.
Ž . Ž .Finally, from 14 and 16 it follows that the Koebe constant for the
class SSP satisfies the inequality
1 1 'y s 0.4037 . . . F K SSP F 2 y 1 s 0.4142 . . . .Ž .'2 6 3
1 w xThe lower bound is better than the constant found in 3 for the class3
Ž . w xUST. Note that the upper bound K UST F 0.5669 . . . from 3 may be
y1 Ž . Ž . Ž .2improved, too. Observe that r k r z g UST , where k z s zr 1 y z0 0
is the Koebe function and r s 0.3691 . . . is the radius of uniform starlike-0
Ž w x. Ž . Ž .y2ness in S see 6 . Then we have K UST F 1 q r s 0.5334 . . . .0
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